Do superconductors violate Lenz's law? Body rotation under field cooling and 

theoretical implications 
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When a magnetic field is turned on, a superconducting body acquires an angular momentum in 
direction opposite to the applied field. This gyromagnetic effect has been established experimentally 
and is understood theoretically. However, the corresponding situation when a superconductor is 
cooled in a pre-existent field has not been examined. We argue that the conventional theory of 
superconductivity does not provide a prediction for the outcome of that experiment that does not 
violate fundamental laws of physics, either Lenz's law or conservation of angular momentum. The 
theory of hole superconductivity predicts an outcome of this experiment consistent with the laws of 
physics. 
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PACS numbers: 



I. INTRODUCTION 



An electron circulating in a closed orbit generates a 
magnetic moment /2 related to its angular momentum I 
by 



(1) 



2m e c 



with e (< 0) and m e the electrons' charge and mass. 
When a magnetic field is applied to a superconducting 
body, it develops a magnetization fn to screen the mag- 
netic field in its interior [lj. It has been verified experi- 
mentally by Kikoin and GubarQ, Pry et al[3] and DollJIJ 
that the body acquires an angular momentum Li related 
to its magnetization rh by 



Li 



2m e c 



-m 



(2) 



This is understood according to Eq. (1) if the carriers 
of the supercurrent are assumed to be (bare@) electrons 
carrying total angular momentum L e , with 



Li = 



(3) 



since the application of the external magnetic field will 
not change the total angular momentum of a homoge- 
neous charge-neutral system. The finite angular momen- 
tum acquired by both electrons and ions can be under- 
stood as arising from Faraday induction Q. Since the 
induced magnetization m points antiparallel to the field, 
so does the ionic (positive charge) angular momentum 
(Eq. (2)), which is manifested in the rotation of the body 
detected experimentally. The situation is schematically 
depicted in Fig. 1(a). 

Consider now a type I superconductor that is cooled 
through its critical temperature in the presence of an 
external magnetic field (Fig. 1(b)). The magnetic field is 
expelled from the interior (Meissner effect) and the final 
state for the electrons is the same as in the case discussed 
above. Is that also true for the state of the ions? This 



question has not been addressed either theoretically or 
experimentally before, however it is implicitly expected 
that the answer is affirmative. We argue here that this 
expectation is incorrect. 



II. THE PUZZLE 

First we need to ask: what causes the change in the 
total electronic mechanical angular momentum 



x v n 



(4) 



(a labels individual electrons) from its initial zero value 
in the normal state to its finite value carried by the Meiss- 
ner current? Q In a system of interacting particles, the 
time dependence of the total mechanical angular momen- 
tum is given by[|[ 



— - V r x 



(5) 



where the first term is the external torque, due to ex- 
ternal forces Fa C \ and the second term gives the inter- 
nal torque due to interparticle forces f a p. Under the 
reasonable assumption that the internal forces between 
electrons are central, the second term vanishes and the 
change in angular momentum is given by 



(iL_ 

dt 



(6) 



with N e the net external torque. 

However, in the conventional theory of superconduc- 
tivity there is no net external torque in the presence of 
an applied magnetic field. The velocity of the electrons in 
the normal state points randomly in all directions, hence 
there is no net magnetic Lorentz force; and since we are 
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Initial state Final state 

(b) Expulsion 



FIG. 1: (a) When a magnetic field is applied to a supercon- 
ductor, the changing magnetic field induces a supercurrent of 
electrons with velocity v e in the direction shown and angu- 
lar momentum L e parallel to the field, and the positive ions 
(and the body) acquire velocity vj and angular momentum L; 
antiparallel to the field, which has been measured experimen- 
tally, (b) When a normal metal is cooled in the presence of 
a magnetic field, the supercurrent that develops is the same 
as in case (a), with angular momentum parallel to the field. 
The motion of the ions and hence the body is unknown. 

not externally changing the magnetic field there is no in- 
duced azimuthal electric field as in the first case discussed 
above. This would imply that 



at all times, and since L e is zero in the normal state, it 
can never reach the finite value given by Eq. (4) when 
the system is cooled into the superconducting state. We 
are thus faced with a conundrum. 

One may attempt to circumvent this difficulty by pos- 
tulating that somehow the ions acquire an angular mo- 
mentum in opposite direction Li, so that Eq. (3) holds 
at all times (above T c , L e = Li = 0), consistent with the 
absence of a net external torque throughout the process. 
However we argue that such assumption is untenable. 

Indeed, for the electrons, one might invoke some mys- 
terious " quantum force" Q , inherent in the superconduc- 




(a) Induction (b) Expulsion 



FIG. 2: (a) When a magnetic field is applied to a supercon- 
ductor, the magnetic field lines move from the outside into 
a surface layer of thickness given by the London penetra- 
tion depth. The Lorentz force on the positive ions caused by 
the magnetic field lines moving in gives a torque in direction 
antiparallel to the magnetic field, (b) When the supercon- 
ductor is cooled in a field magnetic field lines are expelled, 
and the Lorentz force on the positive ions gives a torque in 
direction parallel to the magnetic field. 

tivity phenomenon, that drives the electrons to acquire 
the final state with azimuthal velocity needed for the 
Meissner current. However, the ions are essentially clas- 
sical objects (if pressed we would say that we have in 
mind an electronic superconductivity mechanism where 
the phonons play absolutely no role). The force that 
makes the ions rotate in the first case discussed above 
can be understood as the magnetic Lorentz force 

F=-vxB (8) 
c 

that acts on the positive ions within a London penetra- 
tion depth of the surface when the magnetic field lines 
penetrate that region. In Eq. (8), v is the relative speed 
of the ion with respect to the magnetic field line (dashed 
arrows in Fig. 2). As depicted in Fig. 2(a), the torque 
is opposite to the applied magnetic field in this case, as 
expected. 

However, in the second case under consideration, as 
the temperature is lowered below T c the magnetic field 
lines are pushed out from the interior of the supercon- 
ductor towards the surface. The resulting Lorentz force 
on positive ions from such magnetic field line motion will 
give rise to a torque in the same direction as the applied 
magnetic field, as depicted in Fig. 2(b). 

In other words: in the first case, the net flux of mag- 
netic field in the interior of the sphere increased, in 
the second case it decreased. The resulting induced az- 
imuthal electric field from Faraday's law points in oppo- 
site directions, hence it pushes the positive ions in oppo- 
site directions. When the metal is cooled into the super- 
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conducting state the ions, following Lenz's law, should 
be trying to restore the magnetic flux that is being ex- 
pelled from the interior, not the opposite. However, if 
the ions move in the direction dictated by Lenz's law, 
the ionic angular momentum will point parallel to B and 
hence parallel to the electronic angular momentum, and 
the sum of electronic and ionic angular momentum will 
be non-zero. 



field is in opposite direction. In the superconductor we 
may assume similarly that no rotation occurs in the inte- 
rior if the negative superfluid is "bound" to the positive 
ions. However, within a London penetration depth of the 
surface the superfluid moves freely to generate the Meiss- 
ner field, and in that region one would expect the ions to 
respond to the induced electric field, just like in the case 
where magnetic field lines enter from the outside (Fig. 
la), but in the opposite direction. 



III. ANGULAR MOMENTUM CONSERVATION 

Under what conditions may the mechanical angular 
momentum of a system not be conserved? As argued 
earlier, there has to be a net external torque. Consider 
the torque that results from the Lorentz force on an elec- 
tron in the presence of a magnetic field B: 



dL a 
~dT 



-r a x (v a x B) 
c 



In cylindrical coordinates 

and for B = Bz we have 

dL a 
~~dT 



z - z a vg ia 6 + z a v T:a r) 



(9) 



(10) 



(11) 



We can ignore the second and third terms that will av- 
erage to zero by symmetry across the z = plane, and 
conclude that the rate of change of the total electronic 
angular momentum is 



dLe 
~dt 



Ed 



(y] r a v r 



]B 



(12) 



The quantity in brackets gives the radial flux of electrons; 
recalling that e < 0, Eq. (12) implies that to generate 
a net electronic mechanical angular momentum in the 
direction of B requires a net outgoing flux of electrons 
in direction perpendicular to the magnetic field as the 
system enters the superconducting state. 

The conventional theory of superconductivity assumes 
that charge remains uniformly distributed in the super- 
conducting state, hence no net external torque from the 
magnetic field can be exerted. Hence the conventional 
theory implies that either Lenz's law is violated by the 
ionic motion or that the conservation of mechanical an- 
gular momentum in the absence of external torque is vio- 
lated as a normal metal is cooled into the superconduct- 
ing state in the presence of a magnetic field. Clearly, 
neither choice is satisfactory. 

Note that the expulsion of magnetic field from an 
insulating system would not be expected to result in 
rotation of the charges. This is because in the insulator 
positive and negative charges are bound to each other, 
and the force exerted on them by the induced electric 



IV. CHARGE EXPULSION 

The theory of hole superconductivity PUHH may offer 
a way out of this conundrum, because it predicts that 
electrons are expelled from the interior towards the sur- 
face of the body when a metal enters the superconducting 
stateJT^]. According to Eq. (12), this allows for the me- 
chanical angular momentum of the system to change. 

We consider for simplicity a cylindrical geometry. As- 
sume an electron is expelled from initial radius r% to final 
radius r-i . Responding to the Lorentz force it will acquire 
an angular momentum in the direction of B, given by 



(13) 



corresponding to the electron acquiring a tangential ve- 
locity 



e Acj) 
27rm e c r"2 



(14) 



with A0 the change in the magnetic flux enclosed by the 
orbit 



A0 = 7r(r| - r?)B 



(15) 



This result is easily obtained by integration of the equa- 
tion of motion, or by conservation of the canonical an- 
gular momentum r x p , with p = m e v + (e/c)A, A(r) = 
</>(r)/27rr the magnetic vector potential. Above T c the 
tangential velocity of electrons is zero on the average. If 
electrons move outward as the system enters the super- 
conducting state, the expelled electrons will acquire a net 
angular velocity that will give rise to a Meissner current, 
and associated mechanical angular momentum parallel 
to the applied magnetic field. 

For a cylinder of radius R and height h, the total me- 
chanical angular momentum acquired by N electrons ex- 
pelled uniformly from the interior to the surface is 



NeR' 
4c 



B 



leaving a uniform positive charge distribution 



Pa 



Ne 

TlR 2 h 



(16) 



(17) 



4 



in the interior. Using the relation between electronic me- 
chanical angular momentum and magnetic moment 



-> 2m e c _ 
L„ = m 



(18) 



we can relate L e to the magnetic field induced by the 
surface current Bind = AnM, M = m/(irR 2 h) as 



f m e c 2 > d 
le 



(19) 



Now in Eq. (16), B is the net magnetic field, i.e. the 
difference between the applied magnetic field (= Bo) and 
the induced field opposing it 

B = Bo- B ind (20) 

and from Eqs. (16), (19) and (20) we obtain 



B 



Bo 



ind 



1 



2h 



(21) 



with r e the classical electron radius, r e — e 2 /m e c 2 . 

The mechanical angular momentum acquired by the 
expelled electrons is compensated by angular momentum 
stored in the electromagnetic field 

L fleld = ^- J d 3 rrx (E x B) (22) 

This is an example of the "Feynman Paradox" discussed 
in ref. [I3j. The electric field originating from the result- 
ing positive charge distribution in the interior Eq. (17) 
is 



E(r) 



2Ne 



h R 2 



(23) 



and Eqs. (22) and (23) yield 



L 



field 



= -L R 



with L e the mechanical angular momentum Eq. (16). 
Consequently, the sum of the mechanical angular mo- 
mentum of the electrons and the angular momentum of 
the electromagnetic field remain zero throughout the pro- 
cess, with no contribution from ionic angular momentum. 

Indeed, within this scenario, we would not expect the 
ions to acquire any angular momentum. Here, the Meiss- 
ner current is carried by the excess electrons expelled 
from the interior rather than by the electrons that al- 
ready reside in the surface layer for T > T c . The outgo- 
ing magnetic field lines sweep through the charge-neutral 
surface layer and as a consequence the net momentum 
transferred to electrons plus ions is zero. In other words, 
within this scenario the ions are not violating Lenz's law 
by not responding to the induced azimuthal electric field. 




FIG. 3: Type II superconductor cooled in a magnetic field 
(pointing out of the paper). The shaded circles depict the 
vortex cores, the dashed circles indicate the boundary of the 
vortex currents. Electrons flowing from the superconducting 
regions into the dashed circles will be deflected by the Lorentz 
force of the applied magnetic field in the direction shown, 
resulting in creation of mechanical angular momentum and 
supercurrent flow in the flux tubes in the direction required 
to enhance the magnetic field inside the flux tubes. 



V. DISCUSSION 

Eq. (21) shows that the expelled electrons will screen 
the applied magnetic field Bq. In a sense, as the elec- 
trons flow from the interior towards the surface they drag 
with them the magnetic field lines. Such a behavior is 
expected in a perfectly conducting classical plasma fl4l|. 
For example, for a 99% suppression of the interior mag- 
netic field the number of expelled electrons required from 
Eq. (21) is 



N 
~h 



x 99 



(25) 



and the resulting positive charge density in the interior 
is 



198|e| 
TrR 2 r e 



(24) For example, for a sample of 1cm radius 



p /\e\ = 2.24 x 10 



-10 



electrons 
A 3 " 



(26) 



(27) 



which shows that the number of expelled electrons re- 
quired for an almost complete Meissner effect is a small 
fraction of the total number of electrons. 

In this classical model a full Meissner effect is never 
achieved. Nevertheless, it suggests that charge expul- 
sion is an essential ingredient of the Meissner effect in 
superconductors. Furthermore, it provides a natural ex- 
planation for how superconductors can expel magnetic 
fields without violating Lenz's law and angular momen- 
tum conservation, which is not explained by the conven- 
tional theory. 

Finally, the charge expulsion scenario can also explain 
qualitatively the current patterns that develop in type 
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FIG. 4: Type I superconductor cooled into an intermediate 
state with laminar patterns. The shaded regions indicate nor- 
mal regions with magnetic flux through them. The full lines 
with arrows denote the path of the supercurrents in the fi- 
nal state. As the system is cooled from above to below T c , 
electrons flow from the superconducting regions towards the 
shaded regions and towards the outer surface of the disk and 
are deflected by the Lorentz force, building up the currents 
to sustain the random resulting pattern. The electron trajec- 
tories are indicated by the dashed lines with arrows. 

II superconductors cooled in the presence of a magnetic 
field, and in type I superconductors entering the inter- 
mediate state. In Fig. 3, the electrons are expelled from 
the superconducting region of a type II material towards 
the normal vortex cores, and are deflected by the Lorenz 
force as shown to give rise to the required vortex cur- 
rent around the flux tubes. In Fig. 4, we show a typ- 



ical laminar structure characteristic of the intermediate 
state. Electrons expelled towards the normal regions and 
towards the outer surface of the body will be deflected by 
the Lorentz force in the direction required to create the 
current patterns to sustain the intermediate state struc- 
ture. In both cases the mechanical angular momentum 
acquired by the supercurrents will be compensated by an- 
gular momentum stored in the electromagnetic field, as in 
the case discussed earlier, and there will be excess nega- 
tive charge at the normal-superconducting phase bound- 
ary regions and at the outer surfaces, and excess positive 
charge deep in the superconducting regions where no cur- 
rents flow. 

An experiment measuring the rotation of a type I su- 
perconducting body cooled in an external magnetic field 
may be able to provide direct experimental evidence for 
the physics discussed here. If the body does not rotate 
when the magnetic field is expelled, or if it acquires any 
angular momentum that does not satisfy Li — —L ei it 
will indicate that angular momentum has been stored in 
the electromagnetic field, which requires the existence of 
an electric field and associated macroscopic charge inho- 
mogeneity, as predicted by our model. 

Acknowledgments 

The author is grateful to Ivan Schullcr for calling 
"Feynman's paradox" to his attention, to Tom O'Ncil for 
very helpful discussions, and to a thorough anonymous 
referee for constructive comments. 



[1] F. London, 'Superfluids', Dover, New York, 1961. 
[2] I.K. Kikoin and S.W. Gubar, J.Phys. USSR 3, 333 
(1940). 

[3] R.H. Pry. A.L. Lathrop and W.V. Houston, Phys.Rev. 

86, 905 (1952). 
[4] R. Doll, Zeitschrift fur Physik 153, 207 (1958). 
[5] J.E. Hirsch, Phys.Rev.B 68, 012510 (2003). 
[6] W. Meissner, Sitzsber. Bayer. Akad. Wiss. p. 321, Nov. 

1948. 

[7] J.E. Hirsch, Phys.Lett. A 315, 474 (2003). 
[8] S.T. Thornton and J.B. Marion, "Classical Dynamics of 
Particles and Systems", Thomson, United States, 2004. 



[9] A.V. Nikulov, Phys.Rev. B64, 012505 (2001). 
[10] J.E. Hirsch, Phys. Lett. A 134, 451 (1989); 
Jour.Phys.Chem. Solids 67, 21 (2006) and references 
therein. 

[11] J.E. Hirsch and F. Marsiglio, Phys. Rev. B 39, 11515 

(1989); Physica C 162-164, 591 (1989). 
[12] J.E. Hirsch, Phys.Rev. B68, 184502 (2003). 
[13] "The Feynman Lectures on Physics", R.P. Feynman, 

R.B. Leighton and M. Sands", Addison- Wesley, Reading, 

1964, Sect. 17-4. 
[14] W.A. Newcomb, Ann. of Phys. 3, 347 (1958). 



